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DISTRIBUTION OF EIGENVALUES IN THE PRESENCE OF
HIGHER ORDER TURNING POINTS
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ANTHONY LEUNG()

ABSTRACT. This article is concerned with the eigenvalue problem u”(x) —
Ap(x)u(x) = 0, u(x) € Ly(— oo, ), where p(x) is real, analytic and
possesses zeroes of arbitrary orders. Under certain conditions on p(x),
approximate formulas for the eigenvalues are found. The problem consid-
ered is of interest in the study of particle scattering and wave mechanics.
The formula is analogous to the quantum rule of Bohr-Sommerfeld.

1. Introduction. This article is concerned with the eigenvalue problem
1.1 u”(x) — Ap(x)u(x) =0,
(1.2) u € L,(—o, )

where p(x) is real analytic for x € (— o0, ), and satisfies certain growth
conditions as x — = 0. Problems of this type are of interest in the study of
particle scattering and wave mechanics. Sibuya [4], Weinberg [6], and Evgra-
fov and Fedoryuk [1] have studied the asymptotic distribution of large
positive eigenvalues for problems (1.1), (1.2). However, essentially they all
assumed that p(x) can only have pairs of first order zeroes on the real axis. It
is not clear whether the approximation formulas for the large eigenvalues
remain unaltered or significantly modified when higher, even and odd order
zeroes of p(x) are present on the real axis. The recent result by Leung [3]
enables this investigation.

We make the following hypotheses on p(x):

(H1) p(x) is real analytic function for x € (— o0, + 0);

(H2a) p(x) possesses a finite number of real zeroes a, < a,_, < -+ - < g,
such that if we let a; be the order of zero of p(x) at x =a, i=1,...,n,
then: @, is odd if a, is odd; for k > 2, a, ,, is odd if both conditions (i) a; is
odd and (i) =% Ja; is even are satisfied.

i=]

(H2b) The sum of the order of zeroes, 27..,a;, is even;

(H3) p(x) = cox'[1 + g(x)] with ¢, > 0,/ > 0 an integer, and
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lim g(x) = 0;
l)_cl->°°
(Hd) [#=lo(x)|dx < oo, [Zle(x)|dx <o, and |p'(x)| |p(x)|™>/ is
bounded in (— o0, X) U (X, o), where

1 P'® s ()
w(x) = 3 372 32 5/2
(p(x)) (p(x))
and —0 <x<q,<a <x< .

The function p(x) = (x + 10)(x + 2)(x — D)X (x — 4)(x — 5)(x — 10)? is a
simple example which satisfies all the above conditions. On the other hand,
the function p(x) = (x + 10)(x + 2)’(x — 1)(x — 4)(x — 5)(x — 10)? fails to
satisfy hypothesis (H2a).

Observe that hypotheses (H2a), (H2b) are significant generalizations of
(H2) in [6]. (H4) is not assumed in [6], and can apparently be removed with
slightly additional work and alteration in §3. The main result is stated below
in Theorem 1.1, which is almost in exact analogy with that in [6]. Unfor-
tunately, the presence of higher order zeroes of p(x) allowed by (H2a)
necessitates more complicated and different treatment from that in [6].

Solutions with known approximate formulas in regions bounded away from
the turning points are constructed and continued along the real axis from
+ 00 to — o0, with their connections made around the zeroes of p(x) through
the use of the complex plane. All these connection formulas are carefully
organized to derive a very simple equation which the eigenvalues must satisfy.
This finally leads to estimates for large positive eigenvalues, A, for problem
(1.1), (1.2). In the process, connection methods and formulas by Evgrafov and
Fedoryuk [1], and Leung [3] are used.

REMARKS. Hypotheses (H1) to (H3) imply that (i) p(x) > 0 for x € (— o0,
a,) U (a;, o0); (ii) if p(x) < 0 for x € (a,,,, a;), then a;,, and a; are both
odd; (iii) if odd order zeroes are present, such zeroes occur in adjacent pairs
along the real axis.

Let

J={1<j<n|p(x)<O0forx E (a),a)}
S={AECRe) > K, |ImA|< K, },

where K|, K, are positive constants.

THEOREM l.1. The eigenvalues of problem (1.1), (1.2) satisfy the following
properties:

(i) All eigenvalues in S of sufficiently large real parts are real.

(ii) As A tends to infinity in S, all eigenvalues in S must satisfy the equation
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(1.3) "l:[ [1 + exp{ZAf p(x) dx] + O~ '/v(k))] = u(N)
1

k= Ayl
keJ

where y(k) = max{ay, ay,,} +2, and u(\) denotes a generic term for a
quantity which is asymptotic to zero as A — oo in S.

(iii) Let 2r be the total number of odd order turning points on the real axis.
Suppose r = 0, then there is no eigenvalue of large modulus in S. Suppose r # 0,
let @ =min{l/(a, +2): k=1,2,...,n, a odd}. Then all large enough
positive eigenvalues can be approximated by the following r sequences:

(r—3)r

(1.4 Ay = +0(r~*e)

aku”p(x | dx

kelJ,v=1,2,....Herecis any positive small constant.

REMARKS. The choice of \/ p(x) in (1.3) will be specified at the end of §2.
Hypothesis (H2a) implies that the number of odd order turning points on the
real axis is even. The approximations in (1.4) may be formulated differently
with more or less careful application of Rouché’s Theorem to equation (1.3).

2. Choice of variable and construction of neighborhoods. The real zeroes of
p(x) are known as turning points, and the orders of the zeroes are known as
the orders of the turning points. For each k =1, 2,...,n, p(x) can be
considered as defined in a circular neighborhood B, in the complex plane
about the point a, (where B, N B; = @, i # j). In each B,, there are o, + 2
analytic curves starting at a,, along which Re [7Vp(z) dz = 0. These are
known as Stokes curves, and we may assume that the o, + 2 Stokes curves
start at a;, end at the boundary of B,, and never intersect each other except at
a,. Label the a; + 2 Stokes curves with two systems of conventions for
subsequent convenience. On the upper open half-plane, denote /; (and l,d) as
the Stokes curve whose tangent line at a4, makes the least (and greatest) angle
with the ray [a,, o) on the upper half-plane. Successively label the Stokes
curves around g, in a counterclockwise (and clockwise) direction as
has + + o s Iy 42 (and fos . I,‘ak“) Let Dy; (and Dy) be the simply con-
nected domain in B, bounded between /;_, and J; (1,0 , and I,g) Here, let
by =1, and ij = Ik, if j = i (mod &, + 2); and for later convenience also, let
Dy = D, D,q = Dk, if j = i (mod o, + 2). p(x) is analytic in a neighborhood
H of the interval [a,, a,] in the complex plane. We may assume all the Stokes
curves which are not horizontal in B, intersect the boundary of H. In H,
remove one Stokes curve at each g, according to the following rules:

(i) Delete /4 +5)/2 and [, 15/, Whenever p(x) is negative in an interval
(41> @)

(i) Delete [, ., if a; is even.

Joy+
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(Note that hypotheses (H1) to (H3) ensure that the above two rules designate
one Stokes curve to be removed at each real turning point a;, unambiguously.)
Let H be H with these curves and turning points removed. For x € H, we
can assume

@ 1() = @) = [Vo(2) &

to be a single-valued analytic function, with p chosen such that £(a,, x) > 0
for real x > a,.

In the following sections, we will construct various asymptotic solutions as
A — +o00. To facilitate these constructions, we define a subdomain @ in H.
This subdomain £ in the x-plane is defined as the preimage of certain sets in

= image of Ly —
> | RN
Lay image of 1(ay)
< T A "
A

2

S—I(Dyn Q).

(@) Image of DgnNQ in the I-plane
( two possible orientations )

I(d«n" ““““ "\—image Oj' Ln

(N S \image for part

gy Ay image for of "(a1,e0)
I(Dmf'\ﬂ) imagg,ofl.u pgig)oofn‘ <\H(D..“m
: \\ i £ Lo OY‘JL i+
i1Ng. OF Ny A mage of L bt
i.,:\o .......... f (a/n) (C) I(DH ﬂ ﬂ\

R

(b) Two possibilities for
L(Dp 1)

Figure 2.1
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the I-plane, where I = I(x) = §(a,, x). @ is to satisfy the following proper-
ties:

(1) If Dy; closure does not include a segment of the real axis, then
I(D,; N Q) is a rectangle with I(a,) as midpoint of one of the vertical
boundaries, k=1,...,n,j=1,2,...; I(D;; N Q) and I(D, N Q) are
rectangles with I(a,) and I(a,) as midpoints on their vertical boundaries.
(Note that p(x) > 0 for x in (a;, ) and (— o0, a,), thus these intervals do not
include any Stokes curve and D, N (a;, ©) # @, D,; N (— o, a,) #* D.) See
Figure 2.1.

(2) Suppose p(x) <0 on (@, a), let H, ., & be the subdomain in H
contammg (a, 41> a,) and bounded by the four Stokes curves I,H_,(ak 1)/
Ik_,., (s +5)/2 T+ 172 a0 L o 4 5)/5. Then I(Hy .y, N Q) is a rectangle with
vertical and horizontal sides, and with two vertical line segments ending at
I1(ay), I(ay,,) deleted. (See Figure 2.2.) I(a,), I(a,,,) are equidistant from
the two vertical sides, and are also of the same distance from their corre-
sponding nearest horizontal sides. (Observe that Refjk\/p(z) dz =0 for
x € (a, @) in this situation.)

L gy e L (K, (a#5072)
I0xr3120) T et~ Dy 51z NAL)
I((lk)
Y I(ak+ ) ~
I(Dkﬂ;(ﬁx+;+3)/2r\-r)-)_h_ > 1 (__,__...I(Dku,(o(mﬁS)/z ﬂﬂ)
I(xb',(vlku*")/z)““' I | A '“‘—"~"'-~I(Jlk+n,(otx+.+5)/2)

Figure 22 Im3g2 of Hy,  n{L in the I-plane
when pa)<o in (g y G
(the case when 1dyp is above [(a)

(3) Suppose p(x) >0 on (a,,,, @), let H,,,, be the subdomain in H
containing (4, ;, 4,) and bounded by the four Stokes curves /.y, k41,00 .
and [, Then I(H,,, % N Q) is a rectangle with I(a,) and 1(a,,,) as mid-
points of the two vertical sides. (See Figure 2.3.)
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I(Hk“'k n n‘
[

I Ly, v <—1 (zh )
I( akﬂ) JGD
g 1T

Figure 23 Image of Hy.« N QL in the I-plane
when pex) >0 in (g, k)
(the case when I¢ay S on the Yight
of 1(Awe) )

(4) All the heights of the rectangles in (1) and (3) are the same, and are
equal to twice the distance of I(a,) to its nearest horizontal side in each of
the rectangles in (2).

(5) All the widths of the rectangles in (1) are the same, and are equal to half
of the widths of each rectangle in (2).

As long as the heights and widths in (4) and (5) are chosen and fixed to be
sufficiently small, € will be an unambiguously defined subdomain of H after
we include in Q the parts of all the Stokes curves in H having the vertical
sides of the rectangle in (1) and (3) as images. (It should be clear that in order
to have © open, the preimages of all the sides of the rectangles in (1) to (3)
should be excluded from {, if the side does not include image of a turning
point.)

REMARKS. (1) In all remaining parts of this article, in the connected region
(=00, a,) U @ U (a,, ), we will always choose p(x)*'/? and p(x)*!/* to be
the unique continuations of the roots of p in the region, satisfying p(x)*!/2 >
0andp(x)*/4 > 0in € N (a;, ).

(2) For notational convenience, starting next section we will employ the
following convention: suppose x, A are restricted to certain definite regions,
and a function f(x) is defined there, the symbol [ f(x)] designates a quantity
of the form f(x)(1 + O(JA|™")) for all x, A in the regions under consideration.

3. Construction of asymptotic solutions as x — *oco. The image in the
I-plane of @ N (D, U /}; U D,,) is a rectangle with vertical cut through the
center as shown in Figure 3.1. Observe that the image of the horizontal line
(a,, ) under the mapping I(x) and its continuation is precisely the right
horizontal axis. Draw a sector in the rectangle with vertex at a point of
distance & vertically above I(a,) = 0, central angle 28, and with angular
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bisector coinciding with the cut. Choose § > 0 sufficiently small such that the
vertex of the sector is inside the rectangle, and the sides of the sector intersect
the bottom side of the rectangle at points closer to the midpoint of the bottom
side than to the two lower vertices of the rectangle. Delete from (2 n (D,
U [;; U Dy,)) the closure of the sector constructed, and denote the preimage
of this deleted rectangle in the x-plane by A,.

e—1—1(L,,)
1D,NN) ' (—-_-_—_I(D”u nN)

a5
——image of (a, o)

deleted sector

Figure 3.1 Image of QN (D, UL, UD,),

and of 1\
LemMA 3.1. Equation (1.1) written in its corresponding matrix system
0 1 y
3.1 day _ _[n
(ERY i [A,p(x) O]Y, Y [}’2]

has a fundamental matrix solution of the form
Y=2 ]lz (x ) A)

G| [ exp{ M@ 1)) [p(x)7*]exp(M(a;, )
| [P Pexp{ ~Me(an 1)) [p(x) I exp{Mé(ay, x))
as [A\| = oo in the region
(33) xeA U[a +e®), withe>0andI(a +¢) € I(A),
34 A € {A:Re) > Ky, |ImA|< K }

where K,, K, are positive constants. (Differentiation is taken only along the real
axis in the compliment of A, in (3.3).)

Note that the first and second column of Z}, are subdominant respectively
in parts of D,; and D,,, with the subscript (i, j) of Z;} corresponding in order
to the subscripts of Dy;, D,;. We will consistently employ an analogous system
of subscripts for other fundamental matrices.
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Figure 32 Q, and paths 10 +oo

Proor. (Refer to Figure 3.2.) Denote the midpoints on the right and left
vertical boundaries of the rectangle I(2 N (Dy, U /;,; U Dyy)) as I(b;") and
I(by) respectively, and their corresponding preimages in the x-plane as b;"
and b, respectively. At I(b;") draw two straight lines making angles § with
the vertical boundary, and delete the two closed, enclosed triangles inside the
rectangle. Analogously delete two triangles on the left side of the rectangle.
Let the resulting deleted region (i.e. with the sector and four triangles
removed) union I (b*) be designated as Q,, and its preimage in the x-plane
by I71(Q,). At each point I(x) in Q,, one can easily draw a path in Q, from
I(x) to 1(b;") such that the directed tangent vectors along the path always
point to the right half-plane and always make angles > § with the vertical.
Extend the paths from I(b;") to + oo along the horizontal axis. Denote the
preimage of each of these paths from I(x) in Q, to + 00 by I'*(x). We now
transform equation (3.1) into a Volterra integral equation such that the
exponential term in the integrand is bounded along the path even as A — oo
in region (3.4).

The transformation

1 1
(3.5 Y = p(x)" V% exp{ —A(ay, x [ , ]U
transform (3.1) into the system
du _ 2 01,711 1
o L [}\ p(x)[o 0]+ N [_1 _I]U.
Recall that the choice of roots for p(x)~'/4 and \/ p(x) had been specified at

the end of the previous section. Let U(x) = col(u,, u,); then a solution of the
Volterra integral equations

u,(x) = —A—!L+(x) exp{2M§(2, x) Jo(t)(u; + uy) dt,

u(x)=1+ }\"jl;(x)w(t)(u, + u,) dt

3.7
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will be a solution of (3.6) for x € I~1(Q,) U [b;, ). Here I'*(x) will simply
be the path from x to +oo along the real axis when x € [b;", o0);
&, )= fﬁ/p(z) dz along T*(x). Because of the way the paths are
constructed, we have Re 2A{(¢, x) < 0 for t € T'*(x) and for |arg A| < §,
which is true for sufficiently large K, > 0 in (3.4). If we write (3.7) in the form
U= U, + PU, where U, = col(0, 1) and P is the integral operator, we can
show by induction that

(3.8) IP"Uo|| < 20*A7Y,  n=0,1,...,

where the norm || || is taken as the maximum of the absolute value of the two
components and

(39 wt= sup f |eo(2)] dt.
x€171(@)ulbf, 00) "TT )

We have w* < o, by the first part of (H4). Therefore (3.8) implies that, for
K, sufficiently large, the series U = Z_P"U, converges uniformly and
absolutely to a solution of (3.7) for x € I"(Q,) U [b;, ) and A in (3.4).
Further, (3.8) implies that ||U|| < 2 in this region. Expressing back in terms
of Y by means of (3.5), and making use of the hypothesis concerning
|p’(x)| |p(x)|~%/2 in (H4), we arrive at a vector solution for (3.1) of the form
displayed at the first column of (3.2).

To construct a vector solution of (3.1) of the form displayed in the second
column of (3.2), change the factor exp{ —A&(a,, x)} to exp{A{(a,, x)} in the
transformation (3.5). The new transformed system corresponding to (3.6)
would have the diagonal matrix diag(0, —-2)\\/ p(x) ) as the leading term of
the coefficient matrix. Again, write the corresponding Volterra integral equa-
tion as in (3.7); however we now integrate along paths from x to b, , for
x € I7Y(Q,) U [b;', ). Denote the paths as I'"(x). The exponential factor
in the integrand becomes exp{ —2A£(¢, x)}, whose real part will again be < 0
by constructing I' ~(x) analogous to I'*(x), in the reverse direction.

Finally, reduce the width of the rectangle 7(A,); rename the narrower
rectangle with the sector deleted, and its preimage with the same symbols:
I(A)), A, respectively. Then formula (3.2) becomes valid for x in region (3.3),
A in (3.4). This proves Lemma 3.1. . .

We next consider the image of & N (D,, U [, U D,,) in the I-plane. Delete
a sector enclosing the cut in the image rectangle as before. Denote the
preimage of this deleted rectangle in the x-plane by A,. Note that the line
segment (I, N ) may be above or below I (a,). In the first case, I(D,,) is
on the left of the line, and in the second case I(D,,) is on the right. (Refer to
Figure 3.3.) Note that hypotheses (H2b) and (H3) imply that p(x) > 0, for
x < a,, and therefore the image of (— o0, a,), under the mapping I(x) and its
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continuation, is part of a horizontal line. The following two lemmas can be
proved in the same way as Lemma 3.1.

ot[o,lcted sector

1(D,NO— ——1(DuNnN)
l@anfp----- ——image of (-eo,an)
N I(Ifm)

Figure 33 Image of L0 (DpsULns Ubns)
and of A, (the case when
L(fw NN is below I(an))

LeMMA 3.2. Suppose 1 (I:,, N Q) is above I(a,), then equation (3.1) has a
fundamental matrix solution of the form:

Y =22 (x,\)

G10) | [p(x)7*] exp{-2&(a, x)} [2(x)™'*] exp{Aé(a,, 1)}
| [~ P exp{~Ae(ap 1)) [P()/“h exp(Ae(an %))

as |\| = oo in the region: X in (3.4) and

(B.11) x€A,U(—,a,—¢), withe>0andI(a,— ) € I(A,).

Here &(a,, x) = I(x) — I(a,).

LeMMA 3.2*. Suppose I (I:,, N Q) is below I(a,), then equation (3.1) has a
Sfundamental matrix solution Zj,(x, ) of the form displayed in (3.10) with the
columns interchanged.

REMARKS. We_index the subscripts such that Z7 has its first column
subdominant in D,; and second column subdominant in D,,;.

In §4 we will construct solutions with known approximate formulas close to
or along the real axis between a, and a,. In §5 we will find the relationship
between these various solutions by means of their formulas in overlapping
regions of validity. Connecting these solutions with Z}, and Z, we will arrive
at Theorem 5.1, which establishes the connection between Z), and Z}
explicitly.

4. Construction of asymptotic solutions across turning points. (a) For each
k=1,...,n, we consider each pair of adjacent domains D,j, Dy;,, which
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does not have the Stokes curves /;; between them cut away in constructing H.
The image in the I-plane of & N (D,; U }; U D, ) contains a rectangle with
a vertical cut through the center, above or below I(a,). As in the beginning of -
§3, remove from the rectangle a narrow closed sector whose interior includes
the vertical cut. The vertex of the sector is above or below I (a,) depending on
whether the cut is below or above I (a,) respectively. Denote the preimage in
the x-plane of the deleted rectangle by A, (j,j + 1).

LemMA 4.1. Suppose I(l; N Q) is above I(a,), then equation (3.1) has a
Jfundamental matrix solution of the form

Y= YZ‘]H (% A)

@0 [ [p) 7 Jew{ M@0} [0 ]exp{Ae(as 1))
[-2()"“Phexp{-M(a 1)} [2(x)"*]M exp(A(as %))

as |[\| - oo in the region

“4.2) x €N+,

4.3) A€ {A:Re) > K, |ImA|< K}, asin(34).

Choose &(ay, x) = I(x) — I(a), k=1,...,n.

LemMMA 4.1*. Suppose I(l; N Q) is below I(ay), then equation (3.1) has a
Jundamental matrix solution ijj.ﬂ(x, A) of the form displayed in (4.1) with the
columns interchanged.

The proof of the above two lemmas are almost exactly analogous to that of
Lemma 3.1. The paths of integration will now end at the midpoints of the
vertical boundaries of the rectangle 1(2 N (D, U /; U Dy;,))), instead of
extending to infinity. Hypothesis (H4) is thus not required for the proofs.

(b) For each k such that p(x) <0 in (az4y @), I(Hpy1p, N Q) is a
rectangle with two disjoint vertical cuts of the form shown in Figure 2.2. We
may assume that 26 is smaller than the distance between I(a;) and I(a, ).
At the point of § distance vertically below the image of the turning point on
the upper half of the rectangle, draw a sector of central angle 26 enclosing the
upper cut as before. Analogously draw a symmetric sector enclosing the lower
cut. Delete the closures of these two sectors from I(H, ., N ). Denote the
preimage in the x-plane of this deleted rectangle by ;A . (See Figure 4.1.)

LEMMA 4.2. Suppose I(a,) is above I(ay ), then equation (3.1) has funda-
mental matrix solutions

Y = Zlsn 290N and ZUG o0 (6N,
respectively of the form:
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[p(x)™*]exp(Mb(a, x)} [ P(x)™"*]exp{—A¢(a x)}

4.9 ,
| [p(0)"*Pexp(M(an x)} [ -p(x)'* [\ exp{-Aé(ap, x))

asy | [P (M@0} [p(x)7 Jexp{Me(ars 1, %))
[-p()" P\ exp{ ~Ae(aes 1)) [ 2O\ exp(Me(er 2))
as |\| = + oo, for A in region (4.3) and
4.6) X € Nire

LEMMA 4.2*. Suppose I(ay) is below I(a,..,), then equation (3.1) has funda-

K k+1

mental matrix solutions Z§, o315 +5,2(% N and ZEF 5 0 13206 )
respectively of the form (4.4)* and (4.5)* as |\| - o in region (4.3), (4.6).
Formulas (4.4)* and (4.5)* are respectively the matrices of the form (4.4) and
(4.5) with adjacent columns interchanged.

deleted sectov

. m | iy, > deleted triangles
of SRl P >

W

Figure 41  Imade of /., and paths
where pex)<o in (Gyy, )
(the case when 1cay) is above L(aw.))

PrROOF. On the midpoints my,, m,, of the two vertical boundaries of the
rectangle in Figure 4.1, draw lines making angle § with the vertical sides.
Remove the four enclosed triangles so formed inside the rectangle. At each
point in the new deleted domain construct a path to m,, such that the
directed tangent vectors along the path always point to the right half-plane
and make angles > § with the vertical. Similarly construct paths to my,.
Following the same procedure as in Lemma 3.1 with g, and g, , successively
replacing a,;, we will arrive at fundamental matrix solutions Z('f,ﬁ,) /2.0 +5)/2
and Z§" L5 0, +3,2 With formulas (4.4) and (4.5) in the new deleted
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domain. As before, reduce the widths of the rectangle in Figure 4.1 and
rename the narrower rectangle by the same symbol; formulas (4.4) and (4.5)
will be valid for x in region (4.6).

(¢) For each integer k such that p(x) > 0in (a4, @), I(Hpyp N Q) is a
rectangle of the form as shown in Figure 2.3. Consider the region

(Dk+l,2 Ul U Hepe U la U Dkz) n &

Its image in the I-plane has two rectangles of the form as shown in Figure 2.1,
each attached to one side of I(H,,,, N ). (See Figure 4.2.) There are two
cuts both directed in the same direction, above or below I(a,), I (a, . ,). Draw
two sectors, with vertices above or below I(a,), I (a,.,), enclosing the cuts in
the usual manner. Delete the two closed sectors and denote the preimage in
the x-plane of the deleted rectangle by ,Af, ;.

I(D,,,.N N) _I(DnN)
\ W) L) 1) )
\ |
T v N
T, I(a)

Figere 42 Tmage of /Y., where
p(x) >0 in (G r )
(the case where I(a) is on the right
of 1@y, with cuts below them

Lemma 4.3. Suppose I(f, N Q) and I (ls11 N Q) are above I(ay) and
I(ay,,) respectively, then equation (3.1) has fundamental matrix solutions
Y = ZE(x, N) and Z5¥(x, N) respectively of the forms:
en | [P Jew( M@} [2() ™ Jexp(Me(a 1)
| [—P(0)*Nexp{=M(a %)} [2(x)'*]A exp(Aé(a, X))

“8) [ [p(0)7 4 ]exp{ ~M(aen )} [P(x)*Jexp(Me(@ir1 1))
[~ Nexp{=M(asr )} [P\ exp(A&(acs1r )}
as |\| - oo, for A in region (4.3) and
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4.9) x €A
LemMA 4.3*. Suppose I(i; N Q) and I (11 N Q) are below I(a,) and

I(ay,.,) respectively, interchange the two columns in (4.7) as a formula for Z¥,
and interchange the two columns in (4.8) as a formula for Z};*'.

The proofs are analogous to the previous lemmas, with the natural modifi-
cations.

REMARKS. Note that all the fundamental matrices have subscripts indexed
in a consistent pattern. Namely, the first and second columns of Y,}‘ (or Y" ;
Zy; 2, Z¥) are subdominant respectively in Dy;, D, (or Dy, Dyj; Dy Dyys Dy
ij) The order of the subscripts has direct relationship with the order of the
regions in which the columns are subdominant. On the other hand, the
superscript k relates to the subscript of the turning point a,.

5. Connections for different fundamental systems. There are three basic
types of connection matrices which are of essential importance to our
problem:

(a) Connection matrix for Y% werand YA, 5 (when /, and [, are not
removed from H);

(b) Connection matrix for Z(a,‘+3) /20 +5)/2 and Z(a“.+5) /2000, +3)/2 (When
P(x) < 0in (a4, a)); -

(c) Connection matrix for Z5, and ZX&*! (when p(x) > 0 in (a4, ).

(a) The lemma in this subsection finds the relationship between fundamen-
tal systems of solutions with known approximations close to a fixed turning
point. The asymptotic formulas for the two solutions of equation (1.1)
displayed in the first row of (4.1) correspond to the first approximate of the
formulas (2.10) in [3], where the equation e%”(x) — p(x)u(x) = 0 is consid-
ered. To adjust the notations, we identify e ~! with our present A, and observe
that the index & here in the two articles plays different roles. By changing the
variable locally around the turning point, “lateral” connection formulas for
fundamental systems of solutions of form (4.1) are calculated in [3]. The fact
that p(x) is not a polynomial, in this present article, does not affect the
calculation of the connection formula performed in [3]. As long as x is limited
to a bounded neighborhood about the turning point, the crucial property for
the successful completion of the connection procedure is that p(x) is analytic.
In terms of our present notations, [3] finds an approximate linear relation
between two fundamental systems of solutions: one with the first and second
column subdominant in Dy, Dy;, | respectively as Re A — + o0, and the other
with the first and second column subdominant in Dy;, Dy;.., respectively as
Re A > +c0. (See formula (2.14) and Theorem 5.1 in [3].) When § > 0 is
sufficiently small in §§3 and 4, formula (5.3) in [3] remains valid, after making
the obvious change in notations. More precisely, the following is true.
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LEMMA 5.1. Let k = 1,..., n. Suppose l, l;;,, are not removed from H,
then

(5.1) )C,:. 1j+2 (x, A) = y},;-l-l (X, A)Nk (A)’

where

5.2 = -1

COMM = |, o -1, E pptw/ g o VD)
! =

as A — oo in region (3.4). Here w, = exp{2mi/ (o + 2)} and p(A) denotes a
generic term for a quantity asymptotic to zero as X — o0 in region (3.4).

(b) The following two lemmas find the relationship between two fundamen-

tal systems of solutions, both with known approximation in the same open
interval in which p(x) < 0.

LEMMA 5.2. Suppose p(x) < 0in (a, ., a,) and I (a,) is above 1(ay.,,), then

(53)  ZE v /2049200 A) = Za 43200497206 WMy 41, (V)
where

My )

k(D) eXP{z}‘s(akn, "k)}(l + 00\-]))

D Tlivoan HY)

- exp{ —M(a 41> @)}
as A — oo in region (3.4). Here &(a;,,, @) = I (a) — I(a,))

PROOF. My 1) = [Z(;,139/2 457201265 /204014 9/2] Which can be
analyzed by using formulas (4.4) and (4.5). Straightforward computation gives

Mii1a ()

- CXP{—}\ﬁ(akn’ ak)}
(5.5) - 2A(1 + 0(}\-1))

exp{~24(a, x)}O (1)  exp{2A&(a, 1, a)}(—2A + O(1))
‘ “A+0(1)  exp(N(a. a) + 2(a, x)}O(1) |
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The matrix in (5.5) should be independent of x, therefore its entries can be
evaluated anywhere in the region (4.6). For an estimate of the entry on the
upper left-hand corner, choose X €,A,,, such that {(a,, X) > 0; thus the
entry is asymptotic to zero at A — oo in (3.4). For an estimate of the entry on
the lower right-hand corner, choose X €A, such that {(a;, X) < 0; and the
entry will clearly be asymptotic to zero as A — oo in (3.4) too.

LeEMMA 5.2* Suppose p(x) < 0 in (a,,,, a;) and 1(a,) is below I(ay ), then
the two off-diagonal entries of the matrix on the right side of formula (5.4)
should be interchanged for approximating My ., ,(A).

REMARKS. Note that in the two lemmas above, the off diagonal terms of
M, ., 4() are bounded as A - + oo on the real axis.

(c) The following lemmas find the relationship between two fundamental
systems of solutions, both with known approximation in the same open
interval in which p(x) > 0.

LeMMA 5.3. Suppose p(x) > 0 in (a4, @), and 1(l,; 0 Q), I(hpry N D)
are above 1(ay), I(ay,.,) respectively, then

(5.6) Zfz” (x, M) = ifl (% MRy 16 ),
where

L) k)
¢.7 Reoix ) = exP{Aﬁ(akH’ ak)} b)) 1+ O(}\")]

as A — oo in region (3.4).

ProOF. Straightforward computation using (4.7) and (4.8) gives

€xp {}\g(a“ 1 ak)}

R = v 00)
. exp{ —2A(a;+1» @) J(2A + O (1)) exp{2Aé(a,, x)} O (1)
exp{ —2M(a 41> @) — 2Mé(ay, x)} O (1) 2A+0()

which should be independent of x. The term exp{ —2A4(a,,,, a,)} is clearly
of the form p(A), since &(ay,, a;) > 0. To evaluate the term on the upper
right-hand corner, choose % €, A}, such that £(a;, X) < 0. To evaluate the
term on the lower left-hand corner, choose % €A}, such that {(a,, %) > 0.

LEMMA 5.3*. Suppose p(x) > 0 in (@41, @) and I(fy 0 Q), I(lyyy N Q)
are below I(ay), I1(ay.,) respectively, then the term exp{Aé(ay., a;)} on the
right side of formula (5.7) should be replaced by exp{A&(ay, ay.,)}. Formula
(5.6) is unchanged. (Note: In this case &(a;, a;4,) > 0.)
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Lemmas 5.1 to 5.3 describe the three basic types of connection matrices
listed in the beginning of this section. Eventually, we will connect Z7; with
Z}. To facilitate the analysis of this final connection matrix, it is expedient
first to investigate the structures of the following kinds of connection
matrices, which are products of the first three basic types:

(I) Connection matrix between two fundamental systems, one with known
approximation on the left of 4, , ;, and one with known approximation on the
right of a,, when p(x) < 0in (@, ,, a;). Refer to Lemma 5.4.

(II) Connection matrix between two fundamental systems, each with
known approximation on left or right of a fixed even order turning point.
Refer to Lemma 5.5.

LeMMA 5.4, Suppose p(x) < 0in(a,,, a), then
(58) 57 (2 = Z (56 N[ MM Mia s O Nisr V)],

where

(5.9 NAkO‘) =[N nd ﬁkﬂ()\) [Nk+l(}‘)]

Each (i, j)th entry, 1 < i, j < 2, of the connection matrix N,(Mk+l ka+1 in
(5.8) is of the form:

](otk+l)/2 (a,‘“+l)/2

[ 8O + hy() exp{2A8(aps1 a)} + p (V)]
- exp{—M(as 1 4)}[1 + OATH],

as A — o in region (3.4). Here 8k (N) and hy;(N) are products of the entries of
Nyand N, ,.

If 1(a,) is above I(a.,), then

(5.10)

(5.11) 8ia(A) = P2 (A)Pr s 1,12(M)s . hk22(>‘2 = P2t (MNP 122(A)

where pyy, Py, is the (i, j)th entry of N, and N, | respectively.
If 1(a,) is below I(ay,.,), then

(5.12) SN = Pt M)Pks1.22(A), Bipa(N) = P22 (MN)Pr s+ 1,12(A)-

Proor. Since p(x) < 0 in (a;,,, 4,), hypotheses (H1) to (H3) imply that
O 4y O are both odd. Thus lk+l L = lk+1(¢k+|+1)/2’ Ik+l,/~ =

If_+1,(ak+|+l)/2 G-ty forj =5 ,2,...,and Dy, = Dy i1 iopsi #1241 Disry
= Dk+l,(a“1+l)/2+2—j’ forj = 1, 2, e oo Let

Fk+1 — 1
(5.13) )';+ Lj (x’ }‘) = YI&;-.-H-l)/2+2-(j+l),(ak+1+l)/2+2-j)

J=1L .., (e +3)/2.
By (5.13) and Lemma 5.1, we have
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YN = Y v 0/2-i4 e+ D/2-742
(5.14) = Y 4 0/2-i(menr+ 072-i41Nks1 Q)

= Yk +lNk+l ™)

for j=1,...,(ag4y + 1)/2. Successive applications of (5.14) for j =2,
3., (o — 1)/2, gives

(5.15) Yk+l (a01-3)/2

YE /2 + 02l Neat]

When j = 1 in (5.14), Y5*' = Y(,,,,‘m,,)/2 @i+ /241 has exactly the same
approximate formulas as ZJ Zk+ 1(x, N), for A in region (3.4) and

x € Apyr((esr + 1)/2, (agyy + 1)/2 4 1) CrirAisa

(Refer to formulas (4.1) and (4.7), replacing all g, by a,..,; or refer alterna-
tively to these same formulas with columns interchanged as described in
Lemma 4.1* and Lemma 4.3*.) The connection between the two fundamental
systems Yol 1y e, e n/241 804 VIl op o1, 41y2 in Lemma 5.1 are
calculated through using their approximation formulas in the region of
common validity. Thus Z3;*'(x, A) should be related to Y&! 1)/ 1 . 412
e Y51 by

(5.16) 7K1 (x,N) = YA (%, WN,sy (V)

in the same way as Y""l is related to Y"'”' Whenj = (a,,, + 1)/2 in (5.14),
analogous reason gives

(5.17) Y'(a“,+3)/z (agsr+1)/2= Z'I«,,,,«»s)/z(a“.-»s)/szn

Since Y(‘,k 1+ 5)/ 201 +3)/2 and Z(a“ +5)/2,(a»,+3)/2 have the same approxima-
tion formulas in the appropriate region. Combmmg (5.15) to (5.17), we have

(o e +1)
(5.18) ZE = Z8 o pasapl New ] 07
Analogously,
(ap+1)/2
(5.19) Zlo+3) /20 +9)/2= Z12[ Ni] o,

Formulas (5.18), (5.3) and (5.19) lead to formulas (5.8) and (5.9) in the
statement of this lemma. Finally, formulas (5.10) to (5.12) are simply direct

computation from (5.8), using the approximation formula for M, ,,,() in
(5.9).

LEMMA 5.5. Suppose a, is an even order turning point, then

(520) Zk (5, A) = Zk (x, N[ N, W) ]*>.

Note that hypotheses (H1) to (H3) imply that p(x) > 0 immediately to the
left and right of x = a;, when q, is even.



DISTRIBUTION OF EIGENVALUES 129

Proor. The proof is analogous to the procedures in the last lemma from
the beginning to formula (5.18).

In view of statements (I), (II), one sees that Lemmas 5.4, 5.5, together with
Lemmas 5.3 and 5.3*, provide sufficient background for continuation of
solution for + 00 to — oo. For notational purpose, we partition the turning
points a,, . . ., a, into m pairwise nonintersecting sets of points G, .. ., G,
where 0 < m < n. Each G; is to contain a pair of successive turning points of
odd order or a single turning point of even order, grouped according to the
following manner: G, contains a, if a, is even, or contains a,, a, if a, is odd
(note that our hypotheses imply that a, is odd if a, is odd); inductively, if the
largest turning point g; less than the turning point(s) in G _, is of even order,
then G, contains g; only, otherwise G, contains g; and g;,,. (Observe that
hypotheses (H2a), (H2b) insure that the selection process is unambiguously
defined to a final step m.) Let

(5.21) o) = Ny pMyy+160Ne(p+1»  if G; has two turning points;
! [Nyplvo/?, if G; has one turning point
forj=1,..., m, where ¢()) is the subscript of the larger turning point in G;
and (/) is the subscript of the turning point in G;.

THEOREM 5.1,

~

(5.22) zZn =2z

m-1
o1 (R,7;~+.)(A)]
j-
Jor A€ {A: Re A > K,, [Im A| < K}}, K,, K, are positive constants, K,
dependent of K,. Here
(5.23) R = Ryp+26(0+1(A)  if G; has two turning points;
! Ryp+19H(N) if G; has one turning point.
PRrOOF. This is a direct application of Lemmas 5.3 or 5.3*, 5.4 and 5.5.

6. Estimates for large positive eigenvalues. We will estimate the distribution
of eigenvalues A as A — oo in region (3.4). This will be done by analyzing
carefully the connection matrix T\II7}'(R;T},,) for the two fundamental
systems Z7, and Z}, given in Theorem 5.1.

LEMMA 6.1. If G, has two turning points, m — 1 > j > 1, then, as A = oo
in region (3.4), the matrix R,(\) T, \(\) has the form:

A
(6.1) exp{ £A&(a50+ 1 a30)) Yexp{ —M(ags4 415 a¢(j+l))}[ b k) J

o) o)

where
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50/) = ¢(J) + 1 if G; has two turning points;
() if G; has one turning point,

and vf, k = 1,2, are of the form
62) [1’1{(}‘) + gL (A) exp{2M8(ay¢j+ 1 +1, dgj+1) } + #(A)][l +O0@AN]

Here p{(A), ql(\) are products of the entries of Nyg+1y and Nyijprysre In
particular
©3) PO = Pe(i+1,22P4(j+D+1,1,2

q{(}\) = P+ 1),2,1P6(+1)+1,2,2>
or interchange p} and g} on the left side of (6.3). (The p’s in (6.3) are described
in Lemma 5.4.)

PrROOF. Apply Lemma 5.3 (or Lemma 5.3*) and (5.10) to (5.12). Observe
that §(a,;41)+15 34(+1)» Which corresponds to §(ay ., ) in (5.10), is pure
imaginary. Note that in the first exponential term of (6.1), the + sign is used
when Lemma 5.3 is applied, and — sign is used when Lemma 5.3* is
applicable.

LEMMA 6.2. If G, has one turning point m — 1 3 j > 1, then, as A —> o in
region (3.4), the matrix R;(A\) T, () has the form

LA pA)
6.4 exp{ (a5 +1 95 j))} [ d) i) },
where
(6.5) o) = B.p(j+l),2,k[1 + 0(7\_1)]’ k=12,

and By(j+ 12 is the (2, k)th entry of the matrix [NW,H)()\)]“W*')/ 2,

PROOF. Simply apply (5.2) and Lemma 5.3 (or Lemma 5.3*). The choice of
+ sign in the exponential term in (6.4) is determined in the same way as in
the last lemma.

Clearly vj(A),j = 1,..., m — 1, is of great significance in determining the
lower right-hand corner entry of the connecting matrix T ;-"_','RJT}H. The
following two lemmas compute them carefully. First, introduce a few more

necessary symbols. When G, has two turning points, let

(6.6) 0,1 = 277/ (a¢(,) + 2), 0,2 = 277/ (a¢(,)+1 + 2).
When G, has one turning point, let
6.7) 0, =27/ (ayn + 2).

LemMA 6.3. If G, , has one turning point, then the number By ;122 in (6.5)
is given by the formula
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Byt 122() =[(= i) *@os/2/sin(6),,/2)]
: [Im exp{ i, (1 + 3 oys4n)/2} ]i + O\~ et

as A — oo in region (3.4). The leading term on the right side of equation (6.8) is
nonzero, independent of A.

PROOF. Let the (2, 2)th entry of the matrix [N, ] be denoted by c,,
k=0, 1,...,0,;4),/2. Without essential difficulty, we can use formula
(5.2) to deduce that ¢;’s satisfy the recursive relations

=1

-1
Wy(i+1) T Oyi+1)

¢ = = 1 w‘;(}:f')w“)ﬂ + 0()\—1/(0@(/“)*'2))
v+ T
©69) 9.
= -2 cos( %‘ )i + O\~ Vuen+2),

841
Chsa= —2 cos( —12—)z‘c,‘+l + ¢ + O~V @usnt2)

fork=0,1,..., j+l)/ 2 — 2. By standard methods of difference equations,
the solution of the difference equation

0 0.
(6.10) by=1, b =-2 cos( jT“)i, beyr= -2 cos( il )ib,‘+| + by,

k=0,...,0,,/2—2,is given by

(_ )k+lik+l

611)h, = ) 1
2 2 ea )

.

[exp{i%ﬂ(k + l)} - exp{-—ifj-;—l(k + l)]

One easily checks that b, = 0 when k =0, 1,. .., ay;41yand byupyey =0
in formula (6.11). Comparing (6.9) and (6.10), one sees that ¢, = b, +
O A~/ @u+n*D) Therefore ¢, # 0, for k =0, ..., a4 and large [A]. In
particular, B ;4 1)2,(A) = Ca,ury/2: This proves Lemma 6.3.

LEMMA 6.4. If G;,y has two turning points, then py;i12ks Pe(i+1)+ 142
k =1,2,in (6.3) is given by the formulas
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o Gern
Poi+ D2k (A) = (= i)esuentD/2+k=1 ~[sm( 12 )]

4.
i Im cxp{i-—r;—l'l [%(%(j“) +1)+ k- l]}

+ 0 (A“ l/(a,U“,+2))’
6.12) B

g
. - . J+1,2
P¢(j+l)+1,k,2(?\) = (—1)(«.u+|m+1)/2+k l.[sm( 3 )]

4.
i Imexp{i—%E 3(@gGen+r +1) + k= 1]}

+O0\~ ‘/(douu)ﬂ"‘z));
and both pi(N), ¢(A) in (6.3) are equal to
(6.13) K(ayja10 @gj4n+1) + OAT/UHY),
where K(yj+1) ®g¢j+1y+1) iS one nonzero constant which depends only on
Qg and g,y and

PROOF. As in the last !emma Poi+n22 = Eayy e+ 172 Where &, k=0,
L ..., (ayi+1) + 1)/2, satisfy the recursive relations

0,
50 = I’ c.‘l = _2 COS( I"z'l,l )i + O(A—l/(am¢|)+2))
(6.14)
5 =2 Garn \, 5 4+ O~/ @ayen+2
Cos2 = cos| —5 PGy + G+ O swent2)

By a formula analogous to (6.11) for k = (a,;4+1y + 1)/2, we deduce the
formula for py(;415, in (6.12). Checking the entries for [Ny .yt k =0,
l,..., one sees that p,;,),, should simply be Clayyan+1/2-1- Thus, by
(6.11) again we deduce the formula for p,; 1, in (6.12). The second line of
(6.12) is derived in the same manner. (6.13) is derived from (6.3) and (6.12),
using the fact that, forr = 1, 2,

0' 1,r -
j; [1 + %(a¢(j+l)+r—l + l)] = 127' + 'g’(“¢(j+l)+r-l +2) l’

(6.15) .
j+1,r 1
25 3 et +1) =

-1
(apen+r—1+2)

(SIE]
(STE ]



DISTRIBUTION OF EIGENVALUES 133

(6.15) is used to simplify the products, and to deduce that the leading
constant in both p} and g are the same.

PrOOF OF THEOREM 1.1. The solution of (3.1) in the first column of
Z}(x, M) is subdominant as x — + 00, and the second column tends to
infinity as x — +co. On the other hand, the second column of ZJ(x, A) is
subdominant as x — — o0, and its first column tends to infinity as x - — co.
In view of Theorem 5.1, equation (5.22), A in the region (3.4) will be an
eigenvalue to problem (1.1), (1.2) iff the (2, 2)th entry of TII7_ ,'RjT}“(}\) is
exactly zero.

Let A be such an eigenvalue and let y be the corresponding solution of
(1.1). If we multiply (1.1) by y (conjugate of y) and integrate from —co to
+ 00, we obtain

400 _ +oo
f " dx— A’f |y|2p dx= 0.
-0 - 00

Integrating the first term by parts, and using the form of the solution and its
derivative by means of Lemma 3.1, 3.2, as x — =+ oo, we obtain

+ 0 + 00
—f |y’|2dx— Azf |y|2p dx=0.
- 00 —0o0
Sincey’ 2 0, [*2|y|2pdx # 0 and A? is real. Therefore, if A is in (3.4) or S, of
large modulus, then A is real. This proves part (i).
Let the (2, 2)th entry of T,()\)H;?'_‘,'[RJ(A)T}.,.,(}\)], for A in region (3.4), be
denoted by f(A). Using Lemmas 5.4, 5.5 and 6.1, 6.2, one derives that

=1

(6.16) f) = h()\)[vg()\) mﬁlvi QIO

where h(A) is a product of nonzero constants and exponential factors which
are never zero, and v3J(\) denotes the (2, 2)th entry of T,(\), which is of the
form (5.10) or (6.8). Therefore all eigenvalues of large modulus in region (3.4)
must satisfy the equation

m—1
(6.17) Hové(k) = u().

j=
If G, has one turning point, then by formulas (6.5) and (6.8) one sees that
v;(A) tends to a nonzero constant as A — o in region (3.4). Formula (6.17) is
thus equivalent to

m-—1
(6.18) II of) = u(

Jj=0
JE€Jy

where J, = {|G;,, has two turning points}. Lemmas 6.1 and 6.4 show that
such vf(A) is of the form
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K(ag¢jr1y @g¢i+1)+1)
<[+ exp{2M(ay(+ 0+ 1 344 1)} + OA~/U*N)][1+0Ah].

Therefore (6.18) can be written in the form (1.3). This proves part (ii).

If J, is empty (i.e. r = 0), the last paragraph implies that equation (6.17)
has no solution of large modulus in region (3.4). Hence, there is no large
eigenvalue there. If J; is nonempty (i.e. r # 0), we can readily assert the
existence of zeroes, for equation (6.18) or (1.3), of large modulus in S. These
are eigenvalues for problems (1.1), (1.2). Equation (1.3) implies that all
eigenvalues in S of large modulus must satisfy

l+exp{2)\fa"m dx” =G

n—1
(6.19) 1I
k=1 A+
keJ
where G()) is analytic in A, satisfying G(A) = O(]A|™%) as A > oo in S. Let

& > 0 be any small positive constant. Let

(v=3)r

aVlp(x)| dx

keJ,v=12,...,bersequences of roots for the equation
n—1

(6.20) I+ exp{ZAfa" Vp(x) dx}] =0.
k=1 A+
keJ

With each of the points 7,, on the A plane as center, draw a circle of radius
Kn& /7% where K, is a fixed positive constant. Let § be the union of the
interiors of all these circles, and 9,, be its component containing the point
7, Because of the magnitudes of the radii of the circles, and the fact that
there are r factors in (6.20), one readily concludes that for A at the boundaries
of 9,,,v = 1,2, ..., we have the inequality

n-1 .
H [1 + exp{2)\fak 3 ’p(x) dx}} > KZ[IAI(-e/’)‘Fc] = KzlAl-o*-”,
k=1

A +1
keJ

where K, is a positive constant. Consequently, for A of large modulus at the
boundary of 9, one has

n—1
G| <l II
k=1

keJ

1+exp{2}\fa"\/;:(_x)dx” .

A +1
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By means of the general form of Rouché’s Theorem, we conclude that
equation (6.19) has exactly the same number of roots in 9,, as equation
(6.20), for » sufficiently large. Further, for large enough A, these are all the
roots for (6.19). This proves part (iii).

REMARK. The cases when hypotheses are less restrictive than that of (H2a)
can also be investigated by analogous techniques. The author will study such
situations shortly. The author wishes to thank Professor Y. Sibuya for
stimulating conversations on the subject matter.
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